We study the light localization on commensurate arrangements of deep metallic sub-wavelength grooves. We theoretically show that as the degree of commensuration tends to an irrational number new light localization states are produced. These have properties close to that reported for hot spots on disordered surfaces and are not permitted for simple period gratings. Existence of these new resonances is experimentally provided in the infra-red region by reflectivity measurements performed on two commensurate samples with respectively two and three slits per period. Manipulations of these hot spots which can be controlled from far-field could be used for high sensitivity spectroscopy applications. 
Introduction
Interaction between light and metallic structures may lead to local near field enhancements known as hot spots. They are due to light localization and may be associated with far-field intriguing properties such as the abnormal optical absorption or the Surface Enhanced Raman Scattering (SERS) effect. Among the various metallic surfaces supporting hot spots, subwavelength metallic gratings with deep rectangular grooves are known to be model systems for studying the light trapping due to the excitation of surface plasmons polaritons. Historically, an outstanding experiment made by Albano et al. [1] first showed the prominent role of deep crevasses on metallic surfaces to generate surface enhancement Raman scattering (SERS), which is itself directly related to local field enhancements. Since this experiment, cavity modes in gratings were extensively studied [2, 3, 4, 5, 6, 7, 8] . This approach gave much insight of the physics involved but quantitative understanding of important experimental facts observed of randomly rough surfaces remained unexplained. Firstly, nanoscale roughnesses [1, 9] could present strong near-field enhancements and light absorption in the visible spectral range that were only recently understood [10] : grooves with nanometric size may indeed resonate in the visible range when quasi-static surface plasmon resonances are excited inside the grooves. The optical excitation of these quasi-static plasmons also permits to produce field enhancement thousands times larger than the impinging light, in accordance with experimentally observed SERS enhancements which are usually not correctly restituted by the calculations. The second general experimental point concerns the existence of hot spots and the possible localization of light by disorder [11] . One puzzling point is that the light localization properties are highly sensitive to external parameters [12] : a small change (only a few percents) of the exciting wavelength may lead to an important geometrical reorganization of the hot spots.
In the present paper we show that we can generate and control wavelength-dependant hot spots from far-field considering ordered surfaces which can be experimentally and theoretically controlled. We study the influence of the commensurate arrangement of subwavelength deep metallic grooves on the light localization. We do know from solid state physics that incommensurate structures, such as quasi-crystals for instance, and commensurate approximates may present particular electron localization states forbidden for purely periodic systems [13, 14, 15, 16] . New light localization phenomena can thus be expected by merging electromagnetic resonances of deep metallic grooves and one-dimensional commensurate structures. Far-field transmission through slits arrays with N grooves per period separated by the same distance or through aperiodic 2-dimension hole arrays have reported on the existence of sharp transmission resonances due to modification of the short-range order [17, 18, 19] . Using the formalism of commensurate structures we have built and studied the optical properties of metallic surfaces of successive commensurate structures with increasing periods and followed their behaviour from the simplest case of a simple-periodic grating to an almost aperiodic one. We show that new strong and sharp electromagnetic resonances associated to light localization states forbidden for purely period system indeed appear. They are very localized and the near-field enhancements inside the grooves is wavelength-dependent. In far-field these resonances are evidenced by sharp dips in the reflectivity which remind of Rowland's "ghost" lines observed in the diffraction for gratings presenting periodic defaults in their spacings [20] . Finally, we give the first experimental proof of their existence in the infra-red region for gratings with respectively two and three slits per period.
Calculated optical response of the commensurate structures

Presentation of the commensurate structures
An example of the arrangements that we study is sketched in Fig.1 . They are gratings composed of several identical closed rectangular deep grooves per period separated by two possible subwavelength distances L (for long distance) and S (for short distance). The number of grooves separated by the distance S is noted R while Q denotes for the total number of grooves within a period. Consequently these commensurate structures are called R/Q gratings, their period is D = R× S+(Q− R)× L and the ratio R/Q indicating the order of commensurability is chosen to be an irreducible rational number. When R/Q tends to any irrational number, the structure tends to an aperiodic (or incommensurate) one [21] with D → ∞. The successive sequences of ratios R/Q is chosen to be uniform [16, 22, 21] and permits to build a succession of approximating periodic structures progressively tending to an aperiodic one. In the present work we consider the successive R/Q ratios built by using the Fibonacci series {1, 2, 3, 5, 8, 13...} giving the ratios
/2 the inverse of the mean gold number at large values of R and Q. Any other irrational number than ξ would also lead to an aperiodic structure. Systems with N grooves per period separated by the same distance were theoretically studied [17] . They correspond to SSS..(×R)L arrangements and up to three cavities per period they are equivalent to the present commensurate structures but as grooves continue to be added both their near and far field properties become very different since our structures tend to aperiodic systems and not to periodic ones.
The modal method for commensurate gratings
We have calculated the optical response of the commensurate gratings illuminated by a ppolarized plane wave (magnetic field parallel to the groove) by using an approximated modal method based on the surface impedance boundary conditions [4] . The latter has been several times successfully compared with experiments [28, 29] when considering gold gratings with sub-micron geometrical parameters in the infra-red region as it is the case here. In this method the magnetic field is first expressed in the region (I) above the grating (Fig.1 ) by the Rayleigh development:
where k = 2π/λ is the wave vector of the incident plane wave. The terms γ m = sinθ + mλ /D, β 2 m = 1 − γ 2 m and R m are respectively the normalized wave vectors and the amplitude of the m th order of reflection. In the region (II) of the grating the field is expressed inside each cavity of the period by applying the surface impedance approximation at the bottom of the cavity and considering the vertical walls as perfectly conducting:
where A n p is the amplitude of the n th mode in the p th cavity whose vertical component of the wave vector is
√ ε and ε the dielectric constant of the metal, are the reflection coefficients of the n th mode at the bottom of the cavity.
is a series of the location of the center of the Q cavities contained in a period. The origin is x 1 = 0 and the other locations are determined using the equation [21] :
where the function [y] defines the integer part of y and p the number of the cavity. From the expression of the fields in both regions and following the procedure detailed in ref [27] one can determine all the coefficients A n p and R n which enable to know the electromagnetic field in the whole space. Figure 2 (a) displays the evolution of the specular reflectivity calculated at θ = 15 • as the order of commensurability tends to ξ and starts from a purely periodic grating. Simulations were made using the gold dielectric constant from ref [23] and considering only the fundamental guided mode since w << λ (n=0 in eq.1). For a simple-period grating R/Q = 1 the spectrum presents the well-known broad dip due to the excitation of the Fabry-Perot like resonance inside the cavities [7] and as grooves are added supplementary and sharp resonances appear. These resonances are related to the Fabry-Perot like cavity modes and disappear for shallow grooves. In that case, only weak resonances due to the horizontal surface plasmon (SP) persist. In the spectral range and the geometrical parameters we consider here, the SP of the horizontal interface play a minor role. For large Q values (here Q > 8) only slight changes appear from one structure to the next one: the optical properties converge. This is a direct indication of the self-similarity of the structures produced as R/Q → ξ by using the standard Diophantine approximation [22, 16, 21] and ensures the accuracy of the numerical results. Fig.2b shows the simultaneously progressive establishment of hot spots at the surface as R/Q → ξ . In the chosen configuration, the magnetic field intensity at the interface can locally be more than two orders of magnitude larger than the incident one ( Fig.2(b) ) and this corresponds to enhancements of the electric field intensity at the interface, larger than three orders of magnitude. Calculations were made at the frequency resonance around 2000 cm −1 corresponding to the strongest deep in the reflectivity spectra. The occurrence of these new sharp cavity modes is due to the breaking of symmetry of the system. The pseudo-periodicity of the fields remains valid for the global period D so that cavities within a period do not see the same exciting field. A physical image can be given by analogy with coupled dipoles. In fact, in the case of a two-groove system a complete analytical study of the field expression can be performed and permits to characterize the nature of the resonances quantitatively [24] : each resonating cavity acts as a damped oscillating dipole and their nearfield coupling causes the splitting of each individual mode into a large one corresponding to the symmetric coupling of the cavities (→→) and a thin one, corresponding to the anti-symmetric coupling (→←). In the same manner, in R/Q arrangements, the Q resonating cavities act as Q oscillating coupled dipoles, each mode corresponding to a specific configuration of the orientation of the dipoles. Depending on the number of dipoles oscillating in phase or out of phase, the mode will be more or less radiative. The less radiative the mode is, the narrowest the resonance is and the more intense the near-field enhancements is. Even though the Q cavities are identical they still resonate at slightly different frequencies. Consequently, the local intensity enhancements can be quite critically wavelength-dependent. This property of spectral fluctuation of the hot spots at nanoscale sites is experimentally observed on disordered surfaces [12] , self-affine films [25] or SERS active surfaces [26] . This point is illustrated in Fig. 3 which represents maps of the electric field intensity along the x-axis and above a unit cell of the < 8/13 > grating calculated at different incident wave-numbers (red dots in Fig. 2(a) ). Within a very narrow spectral range, here 55cm −1 , the spatial localization of the electromagnetic field is strongly modified. For specific frequencies, only a few cavities act as active sites by almost individually concentrating a great amount of energy whereas the neighboring ones are extinguished ( Fig.  3(a) and 3(c) ). For a single groove per period, all the cavities would localize the same amount of electromagnetic field over a spectral range of the order of 500 − 1000 cm −1 .
Numerical results and discussion
Experimental validation
The first step toward the validation of these theoretical predictions was to evidence the splitting of the cavity mode via the measurement of the new sharp resonances in the reflectivity spectra. Commensurate gratings with one, two and three slits per period and respective period D <1/1> = 2.2μm, D <1/2> = 2.2μm (L = 1.5μm, S = 0.7μm) and D <2/3> = 2.6μm (L = 1.2μm, S = 0.7μm) were fabricated. They were prepared by electron-beam lithography and a double lift-off technique described in ref. [30, 31] : A Si substrate is first covered with a 200 nm-thick gold layer and secondly with a 1 μm-thick Si 3 N 4 layer deposited by plasmaenhanced chemical vapor deposition. Si 3 N 4 walls of the width of the slits and separated either by the distance L or S, are performed by electron-beam lithography and reactive ionic etching. A 650 nm-thick gold layer is then deposited, and the Si 3 N 4 walls are lifted-off by means of a HF solution. The total area of the gratings is 2 × 2 mm 2 . SEM images show that the obtained grooves have a trapezoidal shape (w down = 0.3 − 0.36μm and w top = 0.5 − 0.62μm) and that the metallic strip in-between two close cavities may become very narrow at the top (inset fig.1 ). Reflectivity measurements of p-polarized impinging light were performed at room temperature, in dry air, in the 1.67 to 6 μm spectral range, with a BioRad FTS60A DigiLab Fourier Transform photospectrometer. Spectra were normalized to the reflectivity of a flat gold surface. Figure 4 shows the specular reflectivity measured at θ = 10 • and the calculated spectra. In fig  4a, one can see the large cavity mode (CM) of the < 1/1 > grating as well as the n = ±1 branches of the surface plasmons (SP) [27] . These SP occur around the same wave number for the two other gratings since the period of the three samples have close values. More interestingly, we observe the splitting of the large CM into the new resonances predicted by our model. The < 1/2 > grating presents the in-phase large cavity resonance together with a sharper resonance corresponding to the out-of phase coupling of the two cavities while the < 2/3 > grating exhibits two sharp resonances together with the large cavity mode. The three resonances of < 2/3 > correspond to:(i) the symmetric coupling of the three cavities (→→→), (ii) the symmetric coupling of the two external cavities, anti-symmetric to the central one whose dipole momentum is twice larger (→←−→) and (iii) the anti-symmetric coupling of the external cavities leading to the extinction of the field in the central one (→ 0 ←). The calculated spectra are in good agreement with the measurements even though small shifts of the peaks may be noticed. These are attributed to the trapezoidal shape of the fabricated grooves while rectangular ones with perfectly conducting vertical walls are considered in the model. To account for this, effective heights had to be considered in the calculations (h <1/1> = 0.65, h <1/2> = 0.7 and h <2/3> = 0.59 μm). Moreover, the values of the widths at the top of the grooves (w = 0.52, 0.6 and 0.62 μm for gratings < 1/1 >, < 1/2 > and < 2/3 > respectively) and the nominal values of L and S, which are well defined by the fabrication process, were used. To highlight the symmetric or anti-symmetric nature of the two sharp resonances of the < 2/3 > grating, we have performed reflectivity measurements at various angles as increasing θ breaks the symmetry of the system and favors the excitation of the anti-symmetric. On the contrary the latter vanishes at normal incidence (the incident field is then symmetric and cannot couple with it) [24] . Experimental and calculated confirmations of this point are presented in figure 5 where the turnaround of the strength of the two resonances as a function of the incidence angle is evidenced. It demonstrates that the peak at the smaller wave number is the anti-symmetric mode (→ 0 ←): it is weakly excited at small incidence angles and grows to become predominant around θ = 24 • . This is confirmed by the maps of the intensity of the electric field along the x-axis above one period of the grating (Fig. 5(d) ). The near-field distribution calculated at the resonance frequency of the antisymmetric mode (→ 0 ←) shows that the field localizes essentially in the grooves 1 and 3 while groove 2 is nearly extinguished. In contrast the field distribution of the symmetric mode (→←−→) is mainly located inside cavity 2 even though it stands at a strongly sub-wavelength distance from the neighboring cavities. By slightly changing the incident wavelength a spatial control of the hot spots can thus be performed and a new kind of light addressing in a chain of sub-wavelength resonator can be realized.
Conclusion
We have performed a study of the light localization inside deep sub-wavelength metallic grooves in commensurate gratings tending progressively to incommensurate structures. We theoretically demonstrate how these systems permit to generate, in a controlled manner, weakly radiative modes which localize strong and wavelength-dependant electromagnetic fields inside the grooves. These hot spots have the same behaviour than those commonly admitted to occur on disordered and/or SERS surfaces. Moreover we show that we can tune and spatially control, from far-field and at a sub-wavelength scale, the hot spots that may move from one cavity to another by slightly changing the incidence wavelength. Finally we gave an experimental evidence of these new modes via reflectivity measurements in the infra-red region and for two simple commensurate structures. Their existence demonstrates the validity of the theoretical approach and the possibility of applying it for experimental and applicative purposes.
